The electromagnetic properties of a toroidal coated nanoparticle (T-CNP) antenna with an active core (doped with rare earth erbium Er 3+ ions) are investigated. It is demonstrated that the active T-CNP acts as a strong dipole radiator at its resonance frequency when it is excited by a plane wave or an electric Hertzian dipole (EHD) radiating element. It is shown that in comparison to being a passive structure, the plane wave scattering cross section of the T-CNP can be increased by nearly 108 dBsm at its resonance frequency when it is active. Moreover, it is further demonstrated that the maximum peak of the power radiated by an EHD element in the presence of a properly designed active T-CNP is more than 120 dB over its value when radiating in free space; that is, its Purcell factor is 10 12 .
Introduction
Because they behave as negative epsilon (ENG) media, metals at optical frequencies can exhibit a surface plasmonic character. Nanostructures which incorporate metals, including nanoparticles and arrays of them, have shown attractive properties [1] [2] [3] [4] for applications in the areas of biology and medicine [1, [4] [5] [6] , efficient solar cells [7] [8] [9] , optical communications [10] , high resolution microscopy [11, 12] , and sensor [1, 13] technologies. By combining them with dielectric media doped, for instance, with the rare earth erbium ion, Er 3+ , the resulting nanosized plasmonic particles can be designed to achieve highly subwavelength amplifiers and lasing elements [14] [15] [16] .
Coated nanoparticles (CNP), which consist of spherical or cylindrical metallic nanoshells surrounding passive and active dielectric cores, as well as their complementary configurations, have been studied in almost all of their possible combinations. They can be designed to have novel optical properties that are geometrically tunable. If the core is filled with a lossless or lossy dielectric, the particle is called a passive CNP, the model of which has been discussed completely, for example, in [13] . When a passive CNP is excited by a plane wave, its performance can be naturally characterized by the maximum absorption (ACS), scattering (SCS), and extinction (ECS) cross sections, all of which depend on the radius of the core and the thickness of the metal film of the passive CNP. When the CNP is electrically small, the resulting radiated power distribution resembles that of a symmetrical dipole excited by the same electromagnetic wave. In addition to a variety of studies of exciting passive CNPs by plane waves, the electric Hertzian dipole (EHD) is another excitation choice that has also been studied extensively (e.g., [17] ).
On the other hand, metals at optical frequencies show strong loss properties, which suppress, for instance, the SCS peak at the resonance frequency. To overcome the intrinsic losses associated with plasmonic structures, gain material has been incorporated into the dielectrics composing them. The resulting active CNPs have been studied extensively for their use as nanoamplifiers and nanolasers [14] [15] [16] [18] [19] [20] [21] [22] [23] . The attractive features offered by active CNPs include not only radiated power enhancements, but also suppression effects [ 18, 23, 24] . Besides the CNP-based dipole radiators, a variety of other nanoantenna structures have been investigated over the past few years. These include optical dipoles [20, [25] [26] [27] [28] [29] [30] [31] , monopoles [32, 33] , bow-tie nanoantennas [31, [34] [35] [36] , YagiUda nanoantennas [37, 38] , V-shaped nanoantennas [39] , dimers as nanoantennas [40] [41] [42] [43] [44] , dipole nanoantennas with matched loads [45, 46] , and tunable nanoantennas [47] [48] [49] .
The analyses of many of these basic nanoantenna structures have been based on the solutions of canonical problems and numerical simulations. Many of these structures remain far from practical realizations because of the lack of the necessary fabrication technologies. Nonetheless, these analyses provide much needed physical understanding. As nanofabrication techniques become more and more sophisticated, along with an increase in desired functionality, more complex coated structures (e.g., [50] ) are now being considered. These more sophisticated nanostructures have far more complex material and structural characteristics. They can be modeled accurately with proven numerical simulators.
In this paper a novel toroidal structure, consisting of a gain impregnated silica core that is surrounded by a silver nanoshell coating, is studied. Both plane wave and electric Hertzian dipole (EHD) excitations are considered. It is shown that both the passive and active, electrically small toroidal coated nanoparticles (T-CNPs) can be designed to be resonant and that they radiate a basic dipole mode when they are resonant, yielding a strong linearly polarized field. Parameter studies of these designs are used to delineate the various properties of these optical nanoantennas, especially their enhancements of the total radiated power.
T-CNP Model
The basic T-CNP geometry is shown in Figure 1 . The core is assumed to be silica (SiO 2 ) doped with rare earth erbium, Er 3+ , ions. The nanoshell is assumed to be silver. The T-CNP is excited by both plane waves and the fields radiated by an EHD source.
Numerical Model.
To simulate the T-CNP design shown in Figure 1 , a commercial software package, CST Microwave Studio, was used. It is a computational electromagnetics simulation tool set which solves Maxwell's equations in the time domain based on the finite integration in time (FIT) technique, and in the frequency domain based on the finite element method (FEM) [51, 52] . Time domain methods are most suitable for wide band problems, while frequency domain methods are more appropriate for narrow band problems. Dispersive effects must be taken into account for any lossy, real, or artificial materials. The silver coating layer has properties that can be described by a thickness-dependent Drude model between 200 nm and 1800 nm [14] . In particular, the permittivity is decomposed into a size-dependent Drude response and an interband transition response. To incorporate this model into the CST solver, it was expressed in terms of a basic Drude permittivity in [21] . The gain model, which had to be implemented in CST's frequency domain solver, was described in detail in [19, 20] . The gain material is described in the frequency-domain CST solver by a modified Lorentz model of the permittivity [19, 20] .
Plane Wave Excitation.
For a plane wave excitation of the T-CNP, the behavior of the resulting scattered fields can be described by the scattering (SCS) and absorption (ACS) cross sections. The SCS is defined as the total integrated power contained in the scattered field normalized by their radiance of the incident field. The ACS is defined by the net flux through a surface surrounding the T-CNP normalized by the incident field irradiance [20] . Using Poynting's theorem and the total power scattered and absorbed by the structure, both the SCS and ACS can be expressed in terms of the ratio of the scattered and absorbed powers to the incident irradiance inc [20] .
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EHD Excitation.
Similarly, the response of the EHDexcited T-CNP system can be characterized by the total radiated power:
where is a closed surface that completely surrounds the EHD and the scatter. This quantity is readily calculated numerically using a cube surrounding the EHD and T-CNP system [21] . The total power radiated by an EHD of length and current moment = 0 alone in free space has the well-known value [53] :
where 0 and 0 are, respectively, the free space wave impedance and wave number. The behavior of the EHD/T-CNP nanoantenna system can then be described by the radiated power ratio, that is, the Purcell factor:
Results for the Plane Wave Excitation

Passive T-CNP Excited by a z-Polarized Plane Wave.
The silver coating layer in Figure 1 has a thickness denoted as dd. The inner radius of the torus is denoted as sr. The total thickness of the silver and the passive SiO 2 core medium is denoted as thm. The axis of the torus was taken to be along the -axis. The T-CNP was excited by a vertically polarized plane wave; that is, the electric field vector is parallel to theaxis and is propagating along the -axis, as shown in Figure 1 . The incident plane wave field is given as ⇀ =̂0 cos ( − ) .
The electric field amplitude 0 is assumed to be 1.0 V/m throughout this paper. On the basis of previous results and numerical models used to describe the behaviors of the passive and active spherical CNPs in [20] and the cylindricalshaped CNPs (CC-CNPs) in [21] , the thickness of the silver coating was set to dd = 6.0 nm. During the parameter sweeps, it was also observed that the peak location of the SCS in frequency changed as the parameters sr and thm were varied.
The maximum SCS and ACS peaks were found to occur for sr = 11 nm and thm = 41 nm. The maximum SCS and ACS values for this optimized passive T-CNP as functions of the excitation frequency are shown in Figure 2 . These results demonstrate that the resonance peak for the SCS is around 600 THz, as expected from prior studies. In particular, the peak value of the SCS is −142.24 dBsm at 599 THz. The predicted results of the electric field, power density, current density and the electric and magnetic field energy densities for the passive T-CNP at its lowest order resonance frequency are shown in Figure 3 . The total electric field distribution, as shown in Figure 3 (a), is almost symmetric but is not quite because it also includes the incident field distribution. It demonstrates that the scattered field generated by the resonant T-CNP dominates the near-field behavior. The power flow distribution in Figure 3(b) shows how the resonant T-CNP has an SCS that is much larger than its geometrical size. It shows the electromagnetic power being channeled into the resonant T-CNP from all directions far away from its middle. The bulk currents are shown in Figure 3 (c). They are flowing strongly in the silver shell of the resonant T-CNP with a pattern that radiates the fundamental electric dipole mode. The TM dipole mode of this T-CNP structure is oriented in the same direction as the polarization of the incident electric field. This feature also explains the electric field distribution in Figure 3(a) . Similar effects are illustrated with the electric and magnetic field energy density distributions in Figures 3(d) and 3(e) . The generation of the electric dipole mode at the resonance frequency is again confirmed with the three-dimensional (3D) SCS plot given in Figure 4 .
Active T-CNP Excited by a z-Polarized Plane Wave.
The configuration for the active T-CNP is geometrically the same as in the passive case and shown in Figure 1 . The thickness of its silver metal shell is kept the same as that in the passive case; that is, dd = 6 nm. The excitation source is again thepolarized plane wave given by (4). Thus, the T-CNP axis is again parallel to the electric field of the incident plane wave. The silver model is identical to the one used in the passive case; the gain model is identical to the one used previously in [19] [20] [21] [22] . Following the same steps as those used in the passive case, the maximum response was achieved by optimizing the geometry and material parameters; that is, by sweeping the parameters sr and thm, the maximum response of the T-CNP was found. Those parameter sweeps (with dd = 6.0 nm) indicated that the maximum response is achieved with the values sr = 11 nm and thm = 43 nm. It was also assumed that the gain medium is depletion-free; that is, that all atoms in the gain region contribute to the scattering/radiation process. However in reality and because of depletion, the actual number of atoms contributing to the gain process may decrease in time. Consequently, our simulation results represent upper (lower) bounds on the scattering responses of the T-CNPs. Furthermore, only the coherent responses of the system are taken into consideration. Again, in a real experiment there may be a strong luminescence response arising from incoherent processes as the active medium is pumped. This background response can mask small coherent responses of interest [21] . Nevertheless, because our model takes into account the gain to produce the background response levels and our coherent response is several orders of magnitude above those levels, we expect that the predicted super resonance responses reported in this work would be readily observed in any active T-CNP scattering experiments.
The simulated maximum values of the SCS and ACS as functions of the excitation frequency for the optimized geometry are given in Figure 5 . The SCS results shown in Figure 5 indicate that the resonance frequency occurs at 599.74 THz, where the peak SCS value is −108.11 dBsm. This result is significantly (∼34.13 dBsm) higher than the peak International Journal of Antennas and Propagation value for the passive case shown in Figure 2 . Similarly the ACS values also decrease by a similar significant amount (63.16 dBsm) when compared with the passive case shown in Figure 2 . The simulated distributions of the electric field, power density, current density, and the electric and magnetic field energy densities at the resonant frequency, 599.74 THz, are shown in Figure 6 . The electric field and power flow distributions in Figures 6(a) and 6(b) , respectively, along with the farfield 3D SCS pattern given in Figure 7 , clearly demonstrate that the active T-CNP is radiating in the electric dipole mode at its resonance frequency, but at much higher levels as compared to the passive case values. Figure 6(c) indicates that a large current density is generated in the core and a strong current loop is formed in the surrounding metal shell at resonance. The resonant current in the core is a combination of the conduction and displacement currents. The conduction current occurs in the core of the active T-CNP because of the conductivity (associated with the loss term) introduced by the gain model. This behavior in the active T-CNP is 7 a significant contrast to the much weaker currents that only flow in the metallic shell at nonresonant frequencies and in all of the passive cases. As a consequence, the strong currents dominate the radiation process; and, as shown in Figure 6 (b), the power is clearly flowing away from the center of T-CNP. The electric and magnetic field energy distributions shown, respectively, in Figures 6(d) and 6(e) also confirm the electric dipole nature of the behavior of active T-CNP at its resonance frequency. Note that when the amplification becomes significantly large, as it does at the resonance frequency, the electric fields in the core region are extremely large. The T-CNP as an electrically small resonator, like its spherical and cylindrical counterparts, is facilitated and formed by the juxtaposition of the ENG and regular double positive (DPS) materials. The metallic coated core is purposely chosen to emphasize this resonator effect. The complementary structure has a much weaker field confinement and thus requires more gain to achieve amplification [54] . Because of these large fields and the presence of the effective conductivity introduced by the loss component of the gain model, the conduction currents are large in the core as noted previously. Furthermore, because of the difference in signs of the permittivity in the core and in the shell, the current densities in both regions are of opposite direction as illustrated in Figure 6 (c).
T-CNP Excited by an EHD.
After establishing the resonance frequency and the fundamental dipole radiation process of the passive and active T-CNP under plane wave excitation, the behavior of the active structure was examined using an EHD as the source of excitation. The impact on the T-CNP nanoamplifier performance arising from differences in the location of the EHD was of particular interest. It was expected that the outcomes of these studies would accentuate how well the T-CNP would act as a nanoamplifier in a nanosensor application. For instance, a fluorescing atom or molecule would act as a dipole in its transition from an excited to a lower energy state [20, 21] . By tuning the resonance of the T-CNP to the corresponding transition frequency, one would then achieve a significant amplification of the fluorescent response of that atom or molecule. On the other hand, if the atom or molecule would fall into the center of the toroid or just outside of it, the T-CNP would still produce a significantly amplified emission signal? If the amplification level was essentially independent of the location of the effective EHD, the T-CNP would make an ideal nanoamplifier for the resulting nanosensor system.
The dimensions and material properties of the active T-CNP were kept exactly the same for the EHD excitation as those utilized in the optimized plane wave excitation case, that is, sr = 11 nm, thm = 43 nm, and dd = 6.0 nm. It was expected that the resonance frequency associated with the EHD excitation would be the same or only slightly different from its plane wave excitation value. The fluorescing emitter was assumed to be an EHD oriented along the axis of the toroid to achieve its maximum response. It was realized numerically as a small -directed current element (oriented parallel to the axis of the toroid) located at all of the locations Figure 8 : The EHD locations along the horizontal center line of the toroidal structure which were scanned to determine the impact of the source location on the active T-CNP performance characteristics. As illustrated, the EHD is oriented along the axis of the toroid.
shown in Figure 8 . The current dipole moment of the EHD was held fixed in all cases to 0 = 2 × 10 −12 A-m. Not only were the center-of-the-toroid and just outside-the-toroid locations considered, but also locations in the shell and within the core. Again, these were selected as comparison cases to establish how well the active T-CNP would act as a nanoamplifier.
The response of the active T-CNP excited by the EHD was characterized by the total power radiated by the system using a cube surrounding the overall (EHD and T-CNP) system [21] . The power radiated by the EHD alone was obtained in the same manner. The calculated radiated power ratios (3) for the EHD location points A, B, C, D, and E indicated in Figure 8 as functions of the excitation frequency are shown in Figure 9 . The EHD locations starting from the geometric center of the T-CNP were precisely = 0 (A), = 14 nm (B), = 32.5 nm (C), = 43.5 nm (D), and = 57 nm (E). It is clear from these radiated power ratio results that there is a large resonance peak close to 600 THz. In fact, all of the resonances occur at 599.74 THz, the same frequency as found for the plane wave excitation case. The maximum value of the radiated power ratio is 128.47 dB when the T-CNP is excited by the EHD at point D, inside the core but offset from the core center and closer to the inside wall of the silver shell. This offcenter result is very similar to the EHD results obtained for the active cylindrical CNP [21] . The peak value at point A is 113.14 dB; at point E is 112.21 dB. While these peak values are not as large as the one obtained when the EHD was located in the core, they are nonetheless very large and emphasize the usefulness of the active T-CNP as a nanoamplifier. As one would expect, the peak values decrease as the EHD location moves further away for the T-CNP where the coupling of the EHD to it would be much less.
The field distributions and vector fields, when the EHD is located at the offset point D and excites the active T-CNP at its resonance frequency, 599.74 THz, are shown in Figure 10 . Again, the electric field, power density, current density, and the electric and magnetic field energy densities are displayed. Note that they are all symmetric and have the anticipated dipole mode form. The local electric field in Figure 10 (a) has the expected dipolar form. The power is radiating strongly outward away from the active T-CNP in Figure 10 direction in the silver shell. The field energy densities are concentrated in and around the gain-impregnated core. As shown in Figure 11 , the 3D directivity pattern is clearly a result of the electric dipole mode dominance of the radiation process. The same behaviors are realized for all of the locations, A-E, of the EHD.
Conclusions
An investigation of the electromagnetic behavior of passive and active, toroid shaped, and coated nanoparticles was presented. Using an experimentally validated frequency domain simulator, results for the plane wave excitation of both passive and active T-CNPs were considered. It was shown that the active T-CNP dramatically enhances the SCS and ACS values at its resonance frequency. An EHD excitation of the active T-CNP was also considered and studied by varying the locations of the EHD. It was demonstrated that whether the active T-CNPs were excited by plane wave or EHD fields, they could be designed to be resonant and their radiated field response was that of the fundamental electric dipole mode. The scattering cross section for the optimized T-CNP excited by a plane wave was increased by 108 dBsm at resonance from the background. The maximum of the total radiated power ratio (Purcell factor) for the corresponding EHD excitation was increased by 120 dB. These results confirm the potential usefulness of active T-CNPs for nanosensor applications.
